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Background
Theorem 1 (Sarkar, 2011):
 A metric tree is quasi-isometrically embedded into a 2D hyperbolic space.

• A hyperbolic space is effective to capture a taxonomic hierarchy of concepts. (Nickel & Kiela, 2017)
• Non-hyperbolic spaces cannot capture hierarchies effectively with few dimensions.
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Background
Proposition 1:
 Additive operations are effective to capture the composition of concepts.

(e.g., Boolean algebra, bag-of-words, and vector addition)
• A hyperbolic space struggles to capture the composition, as it lacks such operation.
• A Boolean algebra with the Hamming distance is isometrically embedded

into an ℓ₁-product metric space, but NOT into a hyperbolic space.
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Background
Images and texts have two aspects:
 Tree-like taxonomic hierarchy, embedded into a hyperbolic space.
 Boolean-like compositionality, captured by an ℓ₁-product metric. 
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How can we enjoy the best of both worlds?



PHyCLIP: ℓ₁-Product of Hyperbolic Factors 
Product-of-Hyperbolic (PHy) embedding
 Representation learning that embeds instances into ((ℍ𝑑𝑑)𝑘𝑘 ,𝑑𝑑1)

• (ℍ𝑑𝑑)𝑘𝑘  : a Cartesian product of 𝑘𝑘 hyperbolic factors ℍ𝑑𝑑

• 𝑑𝑑1: an ℓ₁-product metric 𝑑𝑑1 𝑿𝑿,𝒀𝒀 = ∑𝑖𝑖=1𝑘𝑘 𝑑𝑑ℍ𝑖𝑖
𝑑𝑑(𝒙𝒙 𝑖𝑖 ,𝒚𝒚(𝑖𝑖))

       for embeddings 𝑿𝑿 = (𝒙𝒙 1 , … ,𝒙𝒙 𝑘𝑘 ) and 𝒀𝒀 = (𝒚𝒚 1 , … ,𝒚𝒚 𝑘𝑘 )
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Experiments and Results
PHyCLIP
 Trained on GRIT (Peng et al., 2023) with the contrastive & entailment losses.
 Better at hierarchical classifications and object compositions, but worse at object relations.

• because of its Boolean-like behavior
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Visualizations
Single-concept prompts activate certain hyperbolic factors
We took factor-wise embeddings 𝒙𝒙(𝑖𝑖).

• Prompt “a dog” leads to a large embedding 𝒙𝒙(39) in ℍ39
𝑑𝑑 , in which animal images also have large norms.

• Prompt “a car” and images of vehicles and everyday-carry items do the same in  ℍ9
𝑑𝑑.

• Bikes and wheels in ℍ4
𝑑𝑑, humans in ℍ51

𝑑𝑑 , etc.
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Visualizations
A taxonomic tree of a concept family
 emerges in each hyperbolic factor.

•ℍ9
𝑑𝑑 is devoted for a taxonomy of vehicles and everyday-carry items

•ℍ39
𝑑𝑑  is devoted for a taxonomy of mammals (especially, Carnivora)
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Visualizations
The ℓ₁-product metric captures the composition.
We made the textual composition like “a dog and a car.”

• This prompt activates the both factors devoted for “a dog” and “a car”.
• Its behavior is similar to the Boolean algebra,

as the conjunction corresponds to the 𝑚𝑚𝑚𝑚𝑚𝑚 operation for Boolean bits.

9



Visualizations
The ℓ₁-product metric captures the composition.
 The factor-wise “max” of two single-concept prompts

retrieves images similar to the textual compositions.
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Conclusion
PHyCLIP
 embeds instances into ((ℍ𝑑𝑑)𝑘𝑘 ,𝑑𝑑1)

• captures intra-family taxonomic hierarchies by hyperbolic factors ℍ𝑖𝑖
𝑑𝑑

• captures cross-family Boolean-like compositionality by an ℓ₁-product metric 𝑑𝑑1.
 Even without explicit supervisions of hierarchies and compositions.
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