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Visualiza�ons:
A taxonomic tree of a concept family emerges selec�vely in a hyperbolic factor,
even without explicit supervision for factor assignments or hierarchy between atomic concepts

Boolean-like behavior of factor-wise embeddings
-A conjunc�ve prompt ac�vates all factors that single-concept prompts ac�vate.

-Factor-wise max of single-concept prompts behaves like their conjunc�ve prompt in image retrieval.

Related Work:

Experiments and Results:
PHyCLIP trained on GRIT (Peng et al., 2023) with the contras�ve & entailment losses is
be�er at hierarchical classifica�ons and object composi�ons, but worse at object rela�ons.

A more factoriza�on leads to a be�er result, but a mixed curvature does not work.
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PHyCLIP: ℓ₁-Product of Hyperbolic Factors Unifies Hierarchy and Composi�onality in Vision-Language Representa�on Learning
Daiki Yoshikawa¹, Takashi Matsubara¹˒² (¹Hokkaido University, ²CyberAgent)

“a dog and a car” Factor-wise max of
“a dog” and “a car”

“a boy and a bicycle” Factor-wise max of
“a boy” and “a bicycle”
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Paper and codes:
h�ps://github.com/tksmatsubara/PHyCLIP

TL;DR:
Images and texts have two aspects:
tree-like taxonomic hierarchy

by a hyperbolic space

Boolean-like composi�onality
by an ℓ₁-product metric

a product of metric trees
by a Product of Hyperbolic spaces

Let’s enjoy the best of both worlds!

Methods:
Theorem 1 (Sarkar, 2011):
A metric tree 𝑇 is quasi-isometrically embedded into a 2D hyperbolic space ℍ2.

Proposi�on 1:
A Boolean algebra with indicators and the Hamming distance, ( 0,1 𝑘 , 𝑑Ham ) is
isometrically embedded into an ℓ₁-product metric space (ℝ𝑘 , 𝑑1) , but not into a hyperbolic space (ℍ𝑘 , 𝑑ℍ𝑘 .

PHyCLIP:
A CLIP-type vision-language representa�on learning that embeds instances into ((ℍ𝑑)𝑘 , 𝑑1),
a Cartesian product of 𝑘-copies of hyperbolic spaces ℍ𝑑 equipped with an ℓ₁-product metric 𝑑1.

Theorem 2:
PHyCLIP quasi-isometrically embeds a product of metric trees,
capturing intra-family taxonomic hierarchies by hyperbolic factors
and cross-family Boolean-like composi�onality by an ℓ₁-product metric.


